ABSTRACT: In this paper, an Energy Flow Analysis (EFA) for coplanar coupled
INTRODUCTION
The remarkable development of offshore oil-and-gas, automotive, electronics, and aerospace industries has facilitated an ever-growing interest in high-frequency noise and vibration. Traditional Finite Element Analysis (FEA) and Boundary Element Analysis (BEA) are known to be unsuitable for predicting structure-borne noise of built-up structures at high frequencies for several reasons. First, because of the relatively very small size of the wavelengths with respect to the size of each structural component at high frequencies, FEA and BEA based on traditional displacement solutions are potentially computationally expensive and time consuming to develop and to check out analytical models for complex structures (Cho et al., 2010; Cho et al., 2014) . Second, deterministic approaches such as FEA and BEA are not practical for the prediction of vibrational responses in built-up structures at high frequencies. In particular, the vibrational behavior of a structure at high frequencies becomes increasingly dependent on fine structural details such as structural joints and boundaries, which cannot be mathematically represented with sufficient accuracy in these frequencies ranges (Fahy, 1990; Cremer and Heckl, 1998) . Also, in even nominally identical structures, the fabrication tolerances allowed during manufacturing processes in mechanical industries cause differences in high-frequency vibrational and acoustic responses (Wood and Joachim, 1987; Kompella and Bernhard, 1993) .
The statistical approach has been widely used in various industries as an alternative to deterministic approaches. Statistical Energy Analysis (SEA), the representative analytic method of statistical approaches, can effectively predict the space-and frequency-averaged behavior of built-up structures at high frequencies where the modal overlap of structural components is 
Where w is the transverse displacement, x α and y α are the angles of rotation due to bending, h is the thickness, ρ is the material density, 3 12 I h = is the moment of inertia per unit width, ν is Poisson's ratio, 
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w is the exciting harmonic force, and w is the exciting angular frequency of the plate.
EFA is the statistical approach for predicting the dynamic characteristics of elastic systems at high frequencies. Generally, as the frequency increases, the effects of shear distortion and rotatory inertia in the flexural motion of the plate become dominant. Therefore, the prediction of high frequency vibration of general built-up structures which are composed of plates need to be based on the Mindlin plate theory. Park and Hong (2008) derived the energy flow model for out-of-plane motions of the finite Mindlin plate. They showed that the three types of propagating out-of-plane waves exist above the critical frequency ( c Gh I w κ ρ = ) and only one propagates below the critical frequency. The energetics of propagating out-of-plane waves in the Mindlin plate were classified with the Out-of-Plane Shear Wave (OPSW), Bending Dominant Flexural Wave (BDFW), and Shear Dominant Flexural Wave (SDFW) using the displacement potential functions. The group velocities of the three waves are expressed by
where 1 k , 2 k , and 3 k are the wavenumbers of OPSW, BDFW, and SDFW, respectively, and are obtained by 
The energy governing equations of out-of-plane motions that are composed of OPSW, BDFW, and SDFW can be expressed by (  )   2  2  2  ,i  i,  2  2 OPSW,BDFW,SDFW
where the subscript i (=1,2,3) denotes OPSW, BDFW, and SDFW in sequence, i e and i,in π are the time and locally spaceaveraged farfield smooth energy density and input power, respectively.
WAVE TRANSMISSION ANALSIS OF COPLANAR COUPLED SEMI-INFINITE MONDLIN PLATES
For the prediction of vibrational energetics of coupled Mindlin plates, the power transfer relationships among existing waves need to be derived. Fig. 1 shows the coplanar coupled semi-infinite Mindlin plates. It is assumed that N Mindlin plates share the same line interface. Fig. 2 shows the wave transfer relationship between the incident and n -th transmitted coplanar coupled Mindlin plates. To derive the power transfer relationships in this case, the out-of-plane wave-field in the incident plate above the critical frequency can be expressed by Kompella and Bernhard (1993) 
where i w is the transverse displacement, i y and i φ are the displacement potential functions defined by , x n y n x n y n jk x jk y jk x jk y n n n n n n n n n n n n n n n n n n n n n n n n
where n L is the amplitude of OPFW, n M is the amplitude of BDFW, and n N is the amplitude of SDFW in the n -th transmitted plate.
Therefore, the problem shown in Fig. 1 has 3N unknowns and the same number boundary conditions are required. According to Snell's law, the y -directional components of wavenumbers existing in all plates must correspond in the line interface: 
where the subscript m (=1,2,3) denotes OPSW, BDFW, and SDFW in sequence.
To ensure continuity, the ( ) 3 1 N − essential and 3 natural boundary conditions for the line interface between the incident plate and other transmitted plates are defined as: V are the bending moment, twisting moment, and transverse shear force in the n -th plate, respectively, and are defined by , , ,
, ,
The time averaged x -directional powers of all out-of-plane waves which are expressed in Eqs. (11)- (14) are obtained as Kompella and Bernhard (1993) ( ) To verify the derived equations for the wave transmission analysis of co-planer coupled Mindlin plates, the following numerical analyses were performed. The numerical example is the structure composed of two thick steel plates. The material properties of plates were assumed to be the same as those of steel ( (Lyon and Dejong, 1995) . The power reflection coefficients of the Kirchhoff plate and Mindlin plate models significantly differ ( 60.7% in 180 kHz), even below the critical frequency. Above the critical frequency, a marked difference occurs between the Kirchhoff and Mindlin plate models. Therefore, wave transmission analysis using Mindlin plate theory, which can consider the effects of shear deformation and rotatory inertia, needs to be performed to improve the accuracy of the EFA of the co-planer coupled plate structures. 
ENERGY FLOW ANALYSIS OF COPLANAR COUPLED FINITE MINDLIN PLATES
To verify the derived energy flow model for the coplanar coupled Mindlin plates, various numerical analyses were performed for two coplanar coupled isotropic rectangular Mindlin plates, as shown in Fig. 6 . The plates are simply supported on the two edges parallel to the i x axis. A comparison between EFA solutions and classical solutions for the coplanar coupled Mindlin plate was performed for analytic validations. Although the classical solution of a single Mindlin plate has been studied by various researchers (Nelson, 1978; Liew et al., 1996) , due to numerical difficulties, few studies have been performed on coupled Mindlin plates. While the standard MATLAB program, which is a representative numerical analysis tool, uses the IEEE 754 binary double precision floating point numbers. It is impossible to obtain the Levy solution of coupled Mindlin plates using these limited precision of this program. In this paper, the Multiprecision Computing Toolbox of ADVANPIX has thus been used to overcome these numerical difficulties.
Classical solution of coplanar coupled finite Mindlin plates
The governing differential equations for the unloaded Mindlin plate in the i -th region can be expressed by 
where the subscript i ( 1, 2,3 = ) denotes the i -th region of the plate, ( ) 
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The Levy-type solution of the coupled Mindlin plates is applied and the displacement fields that satisfy the simply supported boundary condition expressed in Eq. (28) (25)- (27), the following system of homogeneous first order linear differential equations can be obtained by
where 
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The general solution of the system of differential equations can be expressed as The two coplanar coupled Mindlin plates shown in Fig. 6 can be divided by the borders of the excitation point and coupled junction, and are composed of three regions. Since six unknown coefficients exist in the one region, 18 boundary conditions are required to solve the same unknowns. The simply supported boundary conditions in 1 0 x = and 3 2 x x L = can be expressed as
,
and 2 x L is the x-directional length of plate 2.
The boundary conditions in the excitation point can be expressed as The continuity boundary condition of the junction of two plates can be expressed as
The n -th coefficients based on variable x in Eq. (32) can be solved by the upper boundary conditions and the displacement field of Eq. (29) 
The energetic fields that satisfy the simply supported boundary condition expressed in Eq. (40) By substituting Eq. (41) into Eq. (10), In the two coplanar coupled plates shown in Fig. 6 , the entire structure can be divided into three regions, as for the case of the classical solution. Since three types of out-of-plane waves (OPSW, BDFW, SDFW) occur in each region, a total of 18 unknowns exist. To obtain the EFA solution of the plate structure, the same number of boundary conditions is required.
The simply supported EFA boundary conditions in 1 0
, cos
The EFA boundary conditions in the excitation point can be expressed as
The EFA boundary condition in the junction, in which the wave conversion among the out-of-plane waves in each plate occurs, can be expressed as follows, using the power transmission and reflection coefficients between the two waves obtained in chapter 3, 
The critical frequencies of each plate are 162 kHz and 81kHz . The hysteresis damping loss factors of each plate were assumed to be the same value in each application. For the sufficient accuracy of the Navier solution in Eq. 29, 2,000 lower modal terms of the series were used to obtain the classical solution of the coupled Mindlin plates. The Navier solution for the classical solution of the Mindlin plate model needed considerably more modal terms than that for the EFA solution of the Mindlin plate model to guarantee sufficient convergence. Additionally, the classical solution of the coupled Mindlin plates cannot be obtained by using general MATLAB precision. Therefore, to overcome numerical difficulties, the multiprecision computing toolbox of ADVANPIX was used. The hysteresis damping loss factors of each plate were assumed to be 1 2 0.001 η η = = and 1 2 0.01
In the first example, the exciting frequency is assumed to be 1 kHz. This frequency is less than all critical frequencies of the two plates. Therefore, the effects of rotatory inertia and shear distortion are not dominant, and only BDFW in all plates exists. In the analysis of the coupled Mindlin plates, these effects are reflected in WTA. Figs. 7 and 8 show the classical solution and the EFA solution of the Mindlin plate model at 1 kHz, respectively, according to the change of hysteretic damping loss. The developed EFA solutions for the coupled Mindlin plates clearly represent the global variation of the classical solution for those in all damping loss factors. Fig. 9 shows a comparison between the energy densities of EFA and the classical method along the 2 y y L = line. As shown in Fig. 9 , the developed EFA model for the coplanar coupled Mindlin plates clearly represent the spatially averaged decaying tendency of the energy density using the classical method even for much lower frequency ranges than the critical frequencies. Figs. 10 and 11 show the intensity distributions of the classical solution and the EFA solution at 1 kHz, respectively. The intensity distributions of the developed EFA solution closely concur with those of the classical solution. The intensity distributions at higher frequencies shown in Figs. 20 and 21 agree relatively well compared to these results. Figs. 12, 13, and 14 show the analytic results at 5kHz and represent a similar tendency to the results of 1 kHz . In Figs. 15-17 , the exciting frequency is 120 kHz, which is above the critical frequency of the loaded plate and is below the critical frequency of the unloaded plate. The effects of the relatively high overlap clearly appear in the loaded plate in Figs. 15(b) and 16(b) . Fig. 17 confirms that the developed EFA model closely concurs with the classical model, even for frequency ranges between the two critical frequencies. As the developed EFA model for coplanar Mindlin plates has the standard two-dimensional governing equations, small differences between the two models occur in all boundaries (Langley, 1991; . The applications of 200 kHz are shown in Figs. 18-22. As this exciting frequency is above all critical frequencies of the two plates, the effects of rotatory inertia and shear distortion are dominant over those of bending in the plates. At these frequencies, it is confirmed that the developed EFA model for the coupled plates is more effective. 
CONCLUSION
Mindlin plate theory can consider the effects of rotatory inertia and shear distortion which are very important at high frequencies. For an improved vibro-acoustic analysis of out-of-plane motions in coplanar coupled plates at high frequencies, the energy flow analysis model for coplanar coupled Mindlin plates was newly developed. The wave transmission analysis of all propagating waves existing in arbitrary coplanar coupled Mindlin plate structures was newly performed for the EFA of coupled structures. The creation and extinction of propagating waves in the Mindlin plate by the change of excitation frequency are confirmed by various applications of WTA. Finally, the energy flow analysis for coplanar coupled finite Mindlin plates was successfully performed. For the validation of the developed model, the classical solution of two coplanar coupled finite Mindlin plates was formulated. The developed EFA model for the two coplanar coupled finite Mindlin plates agrees well with the classical model under various conditions. ACKNOWLEDGEMENT This paper was supported by research funds of Changwon National University in 2011.
